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Introduction
Definition
The proper forcing axiom (PFA) is like MA(ℵ1) except for the
broader class of proper posets rather than just ccc posets.
Definition
For any subset A of a space X , A(1) is the “Frechet” closure of A,
i.e. A(1) = {x ∈ X : (∃{an}n ⊂ A) {an} → x} and this is step 1
of the sequential closure hiearchy where A(0) = A,
and A(α) =
(⋃
β<α A
(β)
)(1)
naturally A(ω1+1) =
⋃
α<ω1
A(α)
Definition
X is sequential if A(ω1) is closed for all A ⊂ X
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Sequential order and Bashkirov problem
Definition
For sequential X and ordinal ρ, the sequential order of X is greater
than ρ if there is a countable A ⊂ X such that A(ρ+1) 6= A(ρ)
Bashkirov (sequential order) problem
What is the minimal upper bound on the sequential order of all
compact sequential spaces? (wlog compactifications of ω)
Proposition
1 The bound is at least 2 (Mrowka ψ-space)
2 It is consistent that the bound is ω1 (e.g. CH and
“parametrized diamonds”)
3 MA implies that it is at least 4.
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and scattering level
Definition (scattered)
A compactification X of ω is scattered if there is a clopen
neighborhood assignment {Wx : x ∈ X} and an ordinal valued
function ρ on X so that (one lets Xα = ρ
−1({α}))
1 Wn = {n} and ρ(n) = 0 for all n ∈ ω,
2 ρ(x) = sup{ρ(y) + 1 : x 6= y ∈Wx} (hence ρ(y) < ρ(x))
PS: scattered implies Xα ⊆ ω(α) for α < ω1
Historical Fact
Till now every example of a compact sequential space witnessing
sequential order greater than 2 has been scattered
and satisfied that ω(α) = ρ−1([0, α]) which PFA bounds at ω + 1
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the Question today
Question
What can we say about sequential order in compact sequential
scattered spaces?
Theorem (PFA)
If a compact scattered space has sequential order more than ω,
then its scattering height is uncountable.
Lemma (PFA, Step 1)
If X is compact and sequential, and z ∈ D \ D(1) for some D ⊂ X ,
then there is a sequence {xα : α ∈ ω1} ⊂ D(1) that co-countably
converges to z.
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Step 2
Assumption going forward
X is compact, scattered, and sequential. ρ denotes the scattering
level, {Wx : x ∈ X} the ρ-nbd assignment
1 ω ⊂ X , ρ(n) = 0 for n ∈ ω, and X = ω(ω+1),
2 w ∈ ω(ω+1) \ ω(ω)
3 {wn : n ∈ ω} ⊂ ω(ω) and {wn}n → w .
notation
We use σ, τ to denote elements of ω<ω
1 D(n, σ) will be a countable subset of ω(n+|σ|),
2 {w(n, σ,m) : m ∈ ω} will be a sequence from (D(n, σ))(<ω)
converging to wn,
3 {x(n, σ,m, α) : α ∈ ω1} will denote a sequence from
(D(n, σ))(1) co-countably converging to w(n, σ,m)
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notation
1 there will be a J ⊂ ω such that for all α,
{x(n, σ,m, α) : m ∈ J} → y(n, σ, α)
2 as a result {y(n, σ, α) : α ∈ ω1} co-countably converges to wn
3 also {y(n, σ, α) : n ∈ J} → v(σ, α) for each α ∈ ω1, which
will mean ρ(v(σ, α)) ≥ ω and that {v(σ, α) : α ∈ ω1}
co-countably converges to w
4 and thus ρ(w) is at least sup{ρ(v(σ, α)) : α ∈ ω1}
Lemma
If f ∈ Jω is a sufficiently fast growing function and
{w(n, σ, f (n)) : n ∈ J} converges to wf 6= w
then, for almost all α, there is a point vf (σ, α) 6= v(σ, α)
because x(n, σ, α, f (n)) ∈Wwf ∩Wv(σ,α), hence ρ(vf (σ, α)) ≥ ω
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Summary
We were able to “raise” ρ(v(σ, α)) because
each y(n, σ, α) was a limit of the sequence {x(n, σ, α,m) : m ∈ ω}
or more clearly, v(σ, α) arose from the supporting σ-enumerated
structure
so IF each x(n, σ, α,m) was itself some y(n, τ, β) for a τ -structure,
then vf (σ, α) would itself be some v(τ, β)
and we could squeeze a new vg (τ, β) inside Wv(τ,β) and raise
vf (τ, α) by at least one , and thus ρ(v(σ, α)), by at least two.
First step is to realize that we have the option of choosing any
sequence ~σ = 〈σn : n ∈ ω〉 rather than just a single constant σ,
and using each {y(n, σn, α) : n ∈ ω} to get {v(~σ, α) : α ∈ ω1}.
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each y(n, σ, α) was a limit of the sequence {x(n, σ, α,m) : m ∈ ω}
or more clearly, v(σ, α) arose from the supporting σ-enumerated
structure
so IF each x(n, σ, α,m) was itself some y(n, τ, β) for a τ -structure,
then vf (σ, α) would itself be some v(τ, β)
and we could squeeze a new vg (τ, β) inside Wv(τ,β) and raise
vf (τ, α) by at least one , and thus ρ(v(σ, α)), by at least two.
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the general ω<ω-structure
Lemma
Since wn is the co-countable limit of {y(n, σ, α) : α ∈ ω1}, there is
a cub Cσ ⊂ ω1 such that, for each γ ∈ C , wn is in the closure of
D(n, σ_γ) = {y(n, σ, α) : γ ≤ α < min(Cσ \ (γ + 1)).
Lemma
For each γ ∈ C , there is a sequence {w(n, σ_γ,m) : m ∈ ω}
converging to wn such that w(n, σ
_γ,m) ∈ (D(n, σ_γ))(m)
Lemma
We can then repeat ad infinitum and more generally construct for
all n and all τ ∈ ω<ω1
D(n, τ), {w(n, τ,m)}m∈ω, {x(n, τ,m, α)}α∈ω1 , {y(n, τ, α)}α∈ω1
with the property that σ ( τ , D(n, τ) ⊂ y(n, σ, α) : α ∈ ω1}
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The final proof proceeds by more careful analysis of
Definition
µ(~σ) = lim inf{ρ(v(~σ, α)) : α ∈ ω1} (actually not exactly)
and only for ~σ such that lim inf{|σn| : n ∈ ω} =∞
Lemma
If µ(~σ) is countable for all ~σ then there is a ~σ so that
µ(~σ) = min{µ(~τ) : ~σ <∗ ~τ}
the contradiction to countable
The ω1-sequence of values of µ(~σ
_γ) (γ ∈ ω1) should be greater
than µ(~σ) because of a suitable wf giving vf (~σ
_γ) ∈Wv(~σ_γ) for
suitably chosen v(~σ_γ) witnessing µ(~σ_γ).
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